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Abstract 

We examine the linearized equations around extremal Kerr horizon and give 
some arguments towards stability of the horizon with respect to generic (non- 
symmetric) linear perturbation of near horizon geometry. 



1 Introduction 

Let us consider the following basic equation on a two-dimensional compact manifold 
^A\\B + WB\\A + 2tJ AWB = RAB , (1) 

where uja&x A is a covector field, 1 1 denotes covariant derivative compatible with the 
metric gAB, and Rab is its Ricci tensor. The equation (TT|) is a starting point of our 
considerations and it is a special case of (3.7) in [I], if we assume that Sab vanishes. 
See also [2] or [7]. 

Some geometric consequences of the basic equation^ (resulting from Einstein 
equations) were discussed in [3J. This is a non-linear PDE for unknown covector 
field and unknown Riemannian structure on the two-dimensional manifold. It ap- 
pears in the context of Kundt's class metrics (cf. [6]), degenerate Killing horizons 
[2], [7], or vacuum degenerate isolated horizons [I], [8], [9]. Several important re- 
sults are already proved, like topological rigidity of the horizon and integrability 
conditions (cf. [3]). Moreover, when the one- form UB<ix B is closed (e.g. static 
degenerate horizon [2]) there are no solutions of ([1]). The transformation to linear 
problem (invented in [3] ) simplifies the proof of the uniqueness of extremal Kerr for 
axially symmetric horizon. However, the problem of the existence of non-symmetric 
solutions to the basic equation remains opened. In this paper we analyze a linear 
perturbation of extremal Kerr solution. 

In [3] the following results were proved: 
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1 This is an equation describing the so-called near horizon geometries see [11] , 



Theorem 1. For any Riemannian metric qab on a two-dimensional, compact, con- 
nected manifold B with no boundary and genus g > 2 there are no solutions of basic 
equation. 

Theorem 2. For any Riemannian metric qab on a two-dimensional torus equation 
(QJJ possesses only trivial solutions u A = = K and the metric qab is flat. 

Theorem 3. There are no solutions of equation |7]) with the following properties: 

• u> A = only at finite set of points, 

• B is a sphere with non-negative Gaussian curvature. 

The symmetric part of uja\\b is controlled by the equation but / := \oja\\b £AB 
is an unknown function on a sphere. We have 

UA\\B = f £ AB + ^Kg A B - UA^B • (2) 
The integrability condition: 

^ A A + 2{Roj a ) u = 6/ 2 + \R{R - 12u a oj A ) (3) 
implies that there exists non-empty open subset, where 12oja^ a > R > 0. 

1.1 Transformation to linear problem 

Let us denote 



UJ B <jJB 



For any domain, where uj b ujb > 0, equation (pQ) implies 

*A\\ C e AC =(^-) e AC = (4) 

which simply means that the one-form c&^dx is closed, and locally there exists a 
coordinate such that 

d$ = $ A dx A . 

Moreover, from ([T]) we get 

$ A \\A = 1 (5) 

hence the potential $ is a solution of the Poisson's equation: 

A$ = 1 . (6) 

Remark If we choose one isolated point, where uj vanishes, then for a given metric g 
we have unique solution of the above Laplace-Beltrami equation (Green's function 
in the enlarged sense). For more isolated points we can take linear combination of 
such solutions. More precisely, let G xo be a unique solution (for a given metric g) 
of the equation Q on - {^o}- If Co + ci + . . . + c n = 1 (where Cj E R) then 
<3? = cqG X0 + c\G Xl + . . . + c n G Xn is a solution of @ on S 2 - {xo, x\, . . . , x n }, and 
u vanishes at the points xq, x±, . . . , x n . 
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1.2 Two zeros of uj 



Suppose oja vanishes at two distinct points in a generic way (i.e. ojmb is non- 
degenerate at those points). Then the equations © and dH) extend (in the sense of 
distributions) as follows: 

$ \\A = 1 - CiSg =n - C 2 Sg =0 (7) 

®A\\C£ AC = diS e =n - d 2 S e=0 (8) 

Integration of the above equations on S 2 implies d\ = d 2 = d and c\ + c 2 = 
J A = (total volume of S 2 ). Hence, for $a = <9a$ + ea B Ob^ the potentials 
fulfill Laplace equations: 

A* = 1 - ci5 0=7r - c 2 S e=0 (9) 



A$ = dx6 e=n - d 2 S e= o (10) 

and their solutions may be expressed in terms of generalized Green's functions on 
S 2 which are well defined as the distributions (they are integrable functions, smooth 
outside poles with log divergence at poles). 
Moreover, the trace of (pQ) 

tv A l{A = K -oj a uja (11) 
may be expressed in terms of Q A as follows: 

1.3 Equivalent form of the basic equation in terms of the covector 
$^4 and its conformal rescaling 

Equations (j3|) and ([5]) together with (fT2|) written as follows: 

\e Ac d c <5>A = 0, (13) 
d A {Xg AB <5> B ) = A, (14) 

d A ( ^d!** )+ cdH * ~ XK = °> ( 15 ) 

for the conformally equivalent metric Hab = exp(— 2-u)<7ab (cf. eq. ([36]) ) are almost 
the same 

(XK)(h) - (XK)(g) = X h A h u = X g A g u , -(XK)(h) = ^a 2 , xx , 

8 A {X h h AB $ B ) = X h exp(2u) , Xe AC d c $A = , 

/ V^Bexp(2u) \ Aexp(4n) _,, A n 

Moreover, we have the following 
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Theorem 4. Equations U3l\15\) are locally equivalent to the eq. |Q|) in the domain, 
where uja = ^b% b i s n °t vanishing. 

Proof. Let us represent tensor uja\\b as a sum °f three parts: skewsymmetric (/), 
traceless symmetric {tab) and trace (r): 

UA\\B = f £ AB + TAB + TQAB ■ (16) 

We have to show that tab and r are determined by eq. (fl"3HT5j) . It is easy to check 
that (fl~5l) implies 2r = K — \\oj\\ 2 = oj \\a- Moreover, (fT3j) gives 



e AB u A uJ C T C B = 



and similarly (|14[) implies 



2u) A u) B t A b = -|M| 4 



Let us observe that any two-dimensional traceless symmetric tensor has only two 
independent components, hence the last two conditions determine tab uniquely in 
the following form: 

1 „ „2 
TAB = -OJA^B + 2SABIMI • 

Finally, the above formula together with r = \{K — \\oj\\ 2 ) give the eq. (|2|). □ 
One can also check the following formula: 

®A\\B = 0-eAB + -gAB-f{* < 5>A<S>B + *$B<5>A) + (l-K\\$\\ 2 ) ~ ^9AB ) (17) 

which is equivalent to (|2|) but in terms of 

Let us observe that & B \\ba = hence the symmetry of the tensor $a\\b implies 

$A llB B = $ B \\AB = $ B \\AB ~ ® B \\BA = RaB$ B , 

and we obtain the following nice formulae: 

& A \\ B B = K* A , *<5> A W B B = K*<5> A . (18) 
Moreover, 

$ AllB UA\\B = K-\\lo\\ 2 

and 

(4> A H V0||B = $a IIB bu A + $ A|1 V,||B = 2K- \\uj\\ 2 , 

lim f ^ B io A dS B = I K = Att where S € := S 2 \ I II 
e-+0+JdS e Js* \ c i 



K{xi,e) 

({0}) 
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1.4 Solution of the problem with axial symmetry 

Let us consider axially symmetric two-metric on a sphere in the following form: 

g = 2m 2 [A- 1 (9)d9 2 + A{9) sin 2 9d<p 2 ] , (19) 

where A : [0, it] — > R is a positive smooth function with boundary values A(0) = 
A(ir) = 1, and positive constant m 2 controls the total volume of a sphere. Eq. (fT9|) 
implies that A = \J det qab = 2m 2 sin#. From ([5]) we get 

«9 A (A$ A ) = A , 

hence 

A$ e = -2m 2 (cos 9 + C), 
where C is a constant of integration. Moreover, from we obtain <%<1?0 = and 
<3?0 = 2m 2 a 

with arbitrary constant a. For the trace of (pQ) we get 

u/|| A = K- W V4, (20) 
which, in terms of & A , takes the following form: 
A$ A \ A 



A 



(- 



+ 



The square of vector & A : 



AK = 0. 



(21) 



$ A <S>A = 2m z 



(cos9 + C) 2 + a 2 
Asm 2 9 



Gaussian curvature: 



XK 



1 



do 



l 



sin 



-d e (Asm 2 9) 



and the eq. (|2ip imply that the function A obeys the following linear ODE: 

d (a + C)y y 1 d 2 ^ = Q 

dx (x + C) 2 + a 2 (x + C) 2 + a 2 2 dx 2 

where x := cos 9 and y := A sin 2 9. For a = we get 



(22) 



_[(x + C)y]=0 
ax z 

with a general solution y = ^j* . However, in the case a = the function A = 
can not be regular at both points +1 and —1 simultaneously. Nonexistence of regular 
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solutions for a = confirms the main result of [2], because <3?^, = gives ui^ = 
which obviously implies do; = 0. 

For a/0we take a new variable t := ^-^S and the equation (I22p takes the form 



2y 







d^ y/ 1 + t 2 

with the following general solution 
at + 6(t 2 - 1) 



t 2 + l 



(23) 



with arbitrary constants a, b. The solution f|23|) gives the following form of the 
function ^4: 



A 



y aa(x + C) + 6[(x + C) 2 - a 2 ] 
T^ 2 ~ (l-x 2 )[(x + C) 2 + a 2 ] 



Regularity of A at x = ±1 implies that C 2 
| a + 2C = which gives 



1 — a 2 (hence < |a| < 1) and 



A 



-b 



[(x + C) 2 + a 2 ] ' 
Moreover, A(±l) = 1 implies b = —2, a = 1, C = 0, hence 
2 2 



/I 



1 + x 2 1 + cos 2 6* 



and finally 



and 



9l<c 



2m z 



1 + cos 



-de 2 + 



2 sin 2 9 
1 + cos 2 6» ( 



sin t/ cos ( 



m 2 (l + cos 2 



Ira 2 (1 + cos 2 6>) 



(24) 



(25) 



which corresponds to extremal Kerr with mass m and angular momentum m 2 . 

It is worth to notice that the solution (j25H in terms of $>a has a simple and 
natural form. More precisely, equations (j3J) and (|5|) extended through the "poles" 
are the following: 



AC 



47rm (d s=7T - d g=0 ) 



(26) 



1 - 47rm 2 (<5 e=7r + d e=0 ) 



(27) 



where by S p we denote a Dirac delta at point p, and 87rm 2 (= J" A) is a total volume 
of the sphere (p^l . 
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Let G p be a Green's function satisfying 



AG P = 1 - 8irm 2 5 p , 
J XG P = . 



(28) 



The potentials $ for the covector field <3>a defined (up to a constant) as follows: 
$ A = + (29) 



take a simple form 



-(Ge=o + Ge= 
-(G0 = o — 



(30) 
(31) 



because equations (|26jh (I27j) and (|29j) imply 

A* = 1 - 47rm 2 (d fl=7r + S e=0 ) , (32) 
A$ = 4vrm 2 (<5 e=w - <5 e=0 ) . (33) 

Moreover, the Green's functions for extremal Kerr (I24p are given in the explicit form: 



Gq=o 



Am 



Am* 



1 ■ 2 1 ■ 2 fl i / . ^ \ 1 

2 Sm 2 + 8 Sm 0_log ^ m 2^ + 3 

1 2 ^ 1 ■ 2„ , / ^ 1 

2 C ° S 2 + 8 Sm ~ lo g( cos 2> + 3 



(34) 
(35) 



2 Linearization of basic equation around extremal Kerr 

After introducing a new coordinate x := cos# the (two-dimensional) extremal Kerr 
(|24W25p takes the following form: 



A R O/OO O o\ 

9k cii = hAB&x dx = 2m (a - dx + a J , 



(36) 



where a 2 := 2 



1-x 2 



T + x 2 
for Kerr are the following: 



and A := \J det Hab = 2m 2 . The components of various objects 



1 + x 



2 , kfy 



1 + aH 



1 

2m 2 1 + x 2 



2m 



1 x 11 

$ = — dx + dip, — ^ * $ = — dx - xdip (*<S>a ■= £a B $b) , (37) 



2m 2 



if 



2 1 - 3x 2 
m 2 (1 + x 2 ) 



1 x(l + a 2 ) 1 x(3-x 2 ) 



m 2 (1 + x 2 ) 



* . if I , 

m 2 (1 + x 2 ) 3 2 m 2 (l — ix) 3 ' 

(38) 
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||$|| = || * $|| , A <S> = \\<S>\\ 2 \dx A dtp . (39) 
The nearby metric g we describe by conformal factor: 

9AB = exp(2u)h AB (40) 

and we get 

r C AB(g) = r c AB (h) + s c AB: 

S c ab = S A d B u + 5%d A u - h AB h CD d D u . 

Let us denote by u B := h BA d A u the gradient of u with respect to the metric h. We 
have 

Vb(5)wa = V B {h)oj A - S c AB (u)u> c (41) 
= V B (h)u A + h AB ucu c - oj A u b - to B u A (42) 

Moreover, the Gaussian curvatures and K g for the confer mally related metrics 
h and g respectively are related as follows 

A h u = K h - exp(2u)K g . 
This gives the following transformation for the right-hand side of ([1]): 

Rab{q) = K g g AB = (K h - A h u) h AB . (43) 
Using (|H|) and (j4"3j) we rewrite basic equation ([1]) as follows: 

V B (h)u A +V A (h)u B +2 (h AB aj c u c - lo a u b - uj b u a + uj a uj b ) = (K h - A h u) h AB . 

(44) 

Let us denote the linear part of the covector cj by 

... . , . , .Kerr 

wa := u a -uj a . 
Now we are ready to linearize basic equation. 

2 (cof rr w B + w| crr w A + h AB u£" u c - cof rr u B - ujf^uji) + V B (h)w A + V A (h)w B 
+h AB Af l u = 2w A u B + 2\n b u a — 2h AB \Ncu c — 2w A w B ~ (45) 

Finally, for covector w A and conformal factor u in (|40p the linearization of ([I]) 
takes the following form: 

V A (w A + u A ) + 2w A w A = , (46) 
TS ( V A w B + 2co A ( w B - u B ) ) = , (47) 
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where now u and V are background objects (corresponding to the Kerr solution 
(136]) . and 

TS(tAB) '■= t>AB + tBA - hABh CD t C D 

denotes the traceless symmetric part of the tensor tAB- 

We show in Appendix IB1 that after elimination of ua we get: 

A h {wA*$ A ) + £ AB w A \\B = , (48) 



A h (\N A $ A ) + 4w y 4$ A ||w|| 2 + 3w A || A = . 



(49) 



where 



ua = i: [na + V B ($ B w A - <& A w B ) + V a (<S> B wb)] ■ 



(50) 



Remark: The equations (|48H49j) are conformally covariant with respect to the 
rescaling of the two-metric h. More precisely, the form of these equations is the 
same for two conformally related metrics provided that <£, *$> are vector fields and 
w and uj are covector fields. One can easily verify this observation multiplying the 
above equations by scalar density A. 

The non-existence of the solution vja to the equations (|48H49p is equivalent to 
the stability of the solution (124TJ251) . 

Axial symmetry of the background solution enables one to separate variable (p 
with the help of Fourier transform and (|48M9p becomes second order ODE for 



w 



-1,1] 



One can also introduce another pair of variables: 

x(l + x 2 ) 



a := e AB WA$ 



B 



2w x 



1 



x(l + x 2 ) 



T 
72 



j3 := c&^w/ 
where a 2 := 2- 



m 



x(l + x 
1 — x 2 



-w x + 2w v 



1 + x 2 

xw x + — 

2(1 — x z 



1 + x 2 



. The formula (|50p takes a simple form: 



1 



[w A + e A B V B a + V A /3] . 



(51) 



Moreover, the inverse transformation 



w. 



a + x(3 



2 (3 — xa 



1 + X 2 ' " V ~ 1 + X 2 ' 

implies the following form of the equations (|48H49j) in terms of variables a, /3: 



A h (a) + d^ 



a + x/3\ ( yB — xa 
-o x \ a z 



1 + x 2 



1 + x 2 



0. 



(52) 



(53) 
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4a 2 



+ 3^ a z — — - )=0. 



1 + x 2 



1 + x 2 



(54) 



where 



A/j := d x a 2 d x + c^a 2 ¥ , . 



Let us denote v :- 



a 



1 + x 2 

the equations (|53H54p take the following (matrix) form: 



1 



x — 1 
3 3x 



C 



1 + x 2 



1 X 

-3x 3 



A h v + 



4a 2 




1 



v + d x (a 2 Bv) + d v (Cv) = . 



1 + x 2 
Other useful identities: 

\n a = f3uA + ae A B u B = d A (2u - f3) - e A B d B a . 
2d A u = d A f3 + /3u A + e A B (dBa + club) ■ 



, then 



(55) 



2.1 Boundary data 

A small perturbation of Kerr data (|24H25|) does not destroy the number of two zeros 
for covector u A . This is a simple consequence of the "inverse function theorem". 
More precisely, the non-vanishing curvature in the neighborhood of "spherical pole" 
(zero of uj a ) assures invertibility of the first derivative V A cob in a small open neigh- 
borhood^] and implies existence of a local diffeomorphism u A (x B ). Hence, for per- 
turbed u A (x B ) there exists (in a small open neighborhood of spherical pole) precisely 
one point, where uj a vanishes. The freedom of global conformal transformations en- 
ables one to introduce "new conformal coordinates" in such a way that the spherical 
poles are always at the points where uj a vanishes. Hence, we can always assume 
that the perturbed oj a vanishes at spherical poles which implies zero (homogeneous) 
boundary data for linear perturbation or equivalently for v = (a, /3)H. 

One can also show that respectively chosen conformal vector field X enables one 
to change — > w A + £x UJ A in such a way that it will vanish at a given point (see 
appendix iDl). 

Theorem 5. The equation ( 155)) has no regular solutions for homogeneous boundary 
data wa\ x=1 = = w A \ x= _ r 

The above Theorem implies stability of the extremal Kerr horizon. 
Proof. Let us consider Fourier series for v : 

oo 

v( x ,</>)= vkixyw 

fc=— oo 

2 Formula (2]) implies that det V A u B = f + f (f - |M| 2 ), for Kerr det V A u B = ^fr^pP an <l 
it vanishes only on the equator x — 0. 

3 It is not obvious that = corresponds to v — and it is not true for k = 0. 
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It leads to ODE for Vk(x): 



k 2 

d x a d x v k zv k + 



4a 2 



1 + x 2 




1 



Vk + d x (a 2 Bv k ) + ik(Cv k ) = 



(56) 



We check that v k vanishes at poles for \k\ > 1, because vanishes there. For k = 
we have axial symmetry, hence we already have uniqueness in full nonlinear case, 
however it would be nice to check this fact independently. 

For \k\ > 8 we prove in appendix C that there are no regular solutions. There 
are some initial numerical results which confirm nonexistence hypothesis for \k\ < 8. 
We are going to check numerically the existence or nonexistence of low modes. The 
results will be published in a separate article. □ 



A Kerr in conformal coordinates 



The background metric (|36p can be conformally related to unit sphere metric as 
follows: 



fi^crr = h,AB<ix A dx B = 2m 2 (a 2 dx 2 + a 2 dip 2 ) = 2m 2 F 2 JiABdx A dx B 



(57) 



where 



h AB dx A dx B :-- 



dx 



+ (1 - x 2 )dip 2 



1 — X' 



If = If , X 



x — tanh | 
1 — x tanh | 



is the usual unit sphere metric and 



x 



, , cosh x sinh 

1-x 2 1 + x 2 V 2 2 



dx = F dx . 



B Reduced linearized equations 

B.l Elimination of ua 

We start from traceless part (|17|) : 

Vawb + Vb^a + 2ujawb + 2ljbwa - V w c hAB - 2uj \ncHab+ 
— 2ujaub — 2ujbua + 2ui c uchAB = . 



(58) 



The two independent components (AB) = (si) and (AB) = (x4>) can be written as 
follows. Component (xx): 

2V x \n x + 4u x w x - (V x w x + V^\N^)h xx - 2(uj x \n x + uj' t '\N ( f > )h xx + 
- 4uj x u x + 2(u x u x + uj^u^)h xx = 

or in an equivalent form (dividing by h xx ): 

2V x w x + 4u x w x - V x w x - - 2u x w x - 2u/w^ - 4u x u x + 2u x u x + 2u/u0 = , 
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2uj x u x - 2a/u^ = V x \n x - V^w^, + 2uj x \n x - 2w 9i w^ . 
Component (xcft): 

V x w^ + V^w-z + 2w x W0 + 2u}^w x - 2u x u^, - 2u}^u x = . 

2u)^u x + 2u x u<$ ) = V x W0 + V^w^. + 2w a; w^ + 2utyWa; . 
Finally we have (in matrix form) 



2u x 


-2w* " 




u x 




V^Wj; — V^w^ + 2uj x \N x — 2w^w^, 




2ui x 




. u 4> _ 




_ V x W0 + V^w/z + 2L} x \N (j) + 2w^w a; 



Let us denote A :- 



A' 



2u x -2uj 4 
2bj^ 2u x 



Hence 



1 1 


2uj x 


2^ " 


1 


U! x U!^ 


A{lu x u x + u&wt) 


. -2w^ 


2co x _ 


2|M| 2 





Multiplying by A 1 we get 
1 



(w 3; V I w 3; — w^V^w^ + 2uj x uj x \n x — 2u} x oj <t> w ( f > + 



2|M| 2 

+ W^VajW^ + UJ^V^x + 2uj x UJ^\N ( j > + 2LU ( pU>' 1 



VJ X 



or in simpler form 
1 



2|M| 2 

Similarly, component <?!>: 
1 



(w^VjWj — CJ^V^W^ + O^V^W^ + W^V^Wa; + 2 1 



'2||w|l 2 



(u^V^w^ — u) < pV x w x + 2w '^urw^ — 2iu ( j ) uj x vj x + 



+ CJ^V^W^ + W^V^Wj. + 2iO X LU x W ( j ) + 2tU X UJ(j ) \N x ) 



or 



1 



(lj^w^ - u (f) V x \N x + w x V x w^ + w^V^w x + 2| 



2||w|| 2 

Equations (I62p and (I63p we can rewrite in covariant form: 
1 



Co' 



2 U 



Now, introducing §a '■= j^i^a we have 
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Let us notice the following 

<S> b V b wa = V b (<£> B wa) ~ w A V B <S> B = V b (<S> B wa) ~ wa (65) 
(from [3] we know that V b$ B = 1), 

$ b V a wb = V A (<S> B w B ) ~ w B V A <S> B = V a (<S> b \n b ) ~ w B V A $ B , (66) 

$ A X7 B w B = V B ($ A w B ) - w B V B <S> A = V b (<S>aw B ) ~ w b Vb<5>a ■ (67) 
The above equations ([61^ . (f65|) . ([66]) and (f67|) imply 



From [3] we know that e Vb$a = 0, hence Vb$a — V^^e = 0, and we obtain 
formula ([50j): u A = | [wa + V yl ($ B w jB ) + V jB ($ B w yl - $ A 



B.2 Equations for w A 

The trace and curl of u A gives: 

V A w A + 2u A w A + V A u A = , (68) 

e AB V B u A = (69) 
Using formula 

U A = \ [wa + Va($ B w b ) + Vb($ b Wj4 - $aw b )] (70) 



and equation ([68]) we obtain 

V A w A + 2w^w,4 + ^V A w A + iv A VA(^ B w B ) + ^V a V b ($ b wa - $4W B ) = , 

A($ s \«b) + 3V A w A + 4oA/v A + V A V B ($ B w J 4 - ^awb) = . 
Moreover, V a V b {^b^a — ^a^b) = 0, because 

V c V D t AB - V D V c t AB = R A ECDt EB + R B ECDt AE , 
where by R A bcd we denote Riemann curvature tensor. We have 

V A V B t AB - V B V A t AB = R EB t EB - R EA t AE , 
where by R A b we denote Ricci tensor. The symmetry of Ricci 

V A V B t AB - V B V A t AB = R EB t EB - R AE t AE = 
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implies 

V A V B ($ B w A - $^w B ) = V b V a (® b wa ~ ®awb) = 
=X7 A X7 B ($ A w B - $bwa) = -V A V B (<i> B w A - $ A w B ) ■ 

Hence V a V b (&bwa - ®awb) = and we obtain (ji9|) 

A($ B w B ) + 3V A w A + 4uA/v A = . 
Using formula ([TO)) and equation (j69|) we get 

e AB V B w A + e AB V B V c (<S> c WA - ^A^c) + e AB V B V A {$ B w B ) 
Vanishing torsion gives e AB X7 B X7 a (& b \n b ) = 0, hence 

e AB V B w A + e AB V B V c (<S> c WA - ^A^c) = . 
Moreover, &c w A — ^A^c = ^ac^ DE ^d^e implies 

e AB V B w A + e AB e AC V B V c (e DE <S> D w E ) . 
Using identity e ab eac = —$ B C, we get 

e AB V B w A + V c V c (e AB <S> B w A ) = , 
and finally we obtain ()48|) 

A(e AB $ B w A ) + e AB V B w A = . 



C Proof for large k 

Stability for the extremal Kerr leads to the following equation: 
k 2 



d x a 2 d x KV k + Dv k + d x (a 2 Bv k ) + ikCv k = . 



where 



,2 _ n l-x z 



v k : [—1, 1] — > C 2 is the unknown function we are looking for, 
B 



C 



D 



l+x 2 



1+x 2 



4a 2 
1+x 2 



X -1 
3 3x 



1 x 

— 3x 3 

" 

o i ■ 
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Theorem 6. Equation |7j[ j has no solutions for \k\ > 8. 

Proof. For functions /, g : [— 1, 1] — > C 2 let us define a standard scalar product: 
i 

(f\g)= [ Fgdx 



Let us consider an operator X := a-^ and its hermitian conjugate X* = —-^.a. The 
eq. (fTTj) takes the form: 



X*Xv k + -zv k + X*(aBv k ) - ikCv k - Dv k = 

The left-hand side we denote by Lv k , where L is a linear operator and v k E kerL, 
i.e. Lv k = 0. For (v k \Lv k ) we have: 



= (v k \Lv k ) = \\Xv k \\ 2 + k 2 



1 



-Vk 



+ (Xv k \aBv k ) - ik ( ^v k \aCv ) - (v k \Dv k ) . 



Introducing real numbers x := nr-nr-, y := nfrrr we obtain: 

to ll^fcll ' y iFfell 

z 2 ||wfc|| 2 + k 2 y 2 \\v k \\ 2 = -(Xv k \aBv k ) + ik ^~v k \aCv k I + (r/,|Dr/,.) . 
and absolute value one can estimate as follows: 



-v k \aCv k 
a 



+ \{v k \Dv k )\ 



x 2 \\v k \\ 2 + k 2 y 2 \\v k \\ 2 < \{Xv k \aBv k )\ + \k\ 

From Cauchy-Schwarz inequality 

a^lMI 2 + k 2 y 2 \\v k \\ 2 < x\\v k \\\\aBv k \\ + |%[K||||aCfyfe|| + |K|| ||£%|| 
and from \\Av\\ < \\A\\\\v\\ we get: 

x 2 \\v k \\ 2 + k 2 y 2 \\v k \\ 2 < {x\\aB\\ + |%||aC|| + ||I>||)||t;fc|| 2 • 
Hence 

x 2 + k 2 y 2 < x\\aB\\ + |&|y||aC|| + ||D|| 
or in an equivalent form: 



cry 



2 J 



< \\D\\ + 



\aBf + \\aCf 



Positivity of (x — Ji^^li) 2 gives 



\k\y 



\aC\ 



< \\D\\ + 



\aB\\ 2 + \\aC\\ 
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and 

\aC\\ + y/4\\D\\ + \\aB\\ 2 + \\aC\\ 2 



1*1 < 



2y 



1 , 



Definition of y = and a < \/2 gives y > , hence 

„. lloCII + + llaBll 2 + llaCII 2 

71 ' 

A simple computation gives \\D\\ = 8, ||aS|| = y/E, \\aC\\ = 3y/2. Finally 

,,, 3^/2 + ^32 + 6 + 18 
|fc| < ^ — = 3 + V28 « 8.29 , 

v2 

but is integer hence |/c| < 8. 

D Conformal vector field for extremal Kerr 

We are looking for a vector field X in the following form: 
X = A[x) cos 4>d x + B(x) sin (f)d^ . 

( m 2 l + x2 2 o \ 
In coordinates (x,(f>) the metric tensor (<?ab) = l ~ x 21-x 2 > nence 



4m z f-^ 



X x = Am 2 k cos , JQ, = ABm 2 „ sin < 

1 — x z I + x z 

The CVF equation 



V A X B + V B X A = V c X c g AB 



applied to our field X reduces to 



^_ „ 1 1 • x 2 ,. 2x . > , 

V - X - = { 1^2 A + (73^2)2 A ) m COS ^ . 

/ 1 — x 2x \ 

V+X* = 4m 2 {— 2 B - -JY^—^2 A J cos , 

V^X X + V x Jfy = (^-rj—^B' - 1±JLa\ m 2 sin , 

V C X C = {A' + B) cos , 
where A' := They can be written in an equivalent form: 

/l + x 2 t . 2x A 9 , 1 9 l + x 2 , „ N 

kA + ^v)A m 2 cos(f)= -m 2 - AA' + B)cos(f>. 

\l — x z (l — x z ) z J 2 1 — x z 
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4m 



1 — x 
l + x 2 



2x 



(l + x 



2\2' 



A ) cos ( 



2m 2 



l-x y 
l + x 2 



[A 1 + B)cos<j), 



^ 1 — X 2 g 1 + x 2 ^ 
l + x 2 1 — X 2 

and finally we obtain system of ODE's: 

B = A> + -^— 4 A, 
1 — x 4 

l + x 2 1 — x 2 ' 
which leads to the second order ODE for the function B: 



4x n 1 ( 1 + x £ 

— - - 



1-x 



2\ 2 ' 



4 \ 1-r 



B(x) = 



and A(x) = 4 ( J f+f?) B'{x). We get the following solution: 



B(x) = C\ cosh 



If , 1-x 

2 ( x + log TT^ 



+ C2 sinh 



1 / , 1-x 

2 ( x + log TT^ 



If we assume that the field X vanishes at one "pole" (x = ±1) we obtain the relation 
for constants Cf. C2 = +C\. For C2 = —C\ we have: 



B(x) = C 



l + x _ 1 



e~2 x , A(x) = 2C 



1 + x 1 — x 

1 - X 1 + X 2 



1-x 

Finally the CVF X takes the form: 

A - C\l l^-e~^ x ( 2^—^ cos (f>d x + sin 0fy ) . 



1-x 



l + x 2 



Acknowledgements 

This research was supported by Polish Ministry of Science and Higher Education 
grant Nr N N201 372736. 

References 

[1] A. Ashtekar, C. Beetle and J. Lewandowski, Classical and Quantum Gravity 
19, 1195-1225 (2002) 

[2] P. Chrusciel, H.S. Real and P. Tod, On non-existence of static vacuum black 
holes with degenerate components of the event horizon, NI05066-GMR, Classical 
and Quantum Gravity 23, 549-554 (2006) 



[3] J. Jezierski, Classical and Quantum Gravity 26 (2009) 035011 (llpp) 



17 



[4] J. Jezierski, J. Kijowski, and E. Czuchry, Rep. Math. Phys. 46, 397 (2000). 



[5] J. Jezierski, J. Kijowski, and E. Czuchry, Phys. Rev. D 65, 064036 (2002) 

[6] W. Kundt, Z. Phys. 163, 77 (1961); W. Kundt and M. Triimper, Akad. Wiss. 
Lit. Mainz, Ahandl. Math.-Nat. Kl. 12 (1962). 

[7] H.K. Kunduria and J. Lucietti, A classification of near-horizon geometries of 
extremal vacuum black holes, arXiv:0806.2051v2 [hep-th] 22 Jul 2008. 

[8] J. Lewandowski and T. Pawlowski, Classical and Quantum Gravity 20 (2003), 
587-606 

[9] T. Pawlowski, J. Lewandowski and J. Jezierski, Spacetimes foliated by Killing 
horizons, [gr-qc/0 306107, Classical and Quantum Gravity 21 (2004) 1237-1251 

[10] H. Stephani et al., Exact solutions of Einstein's field equations, 2nd ed., Uni- 
versity Press, Cambridge (2003) 

[11] S. Hollands, A. Ishibashi, All vacuum near horizon geometries in arbitrary 
dimensions, arXiv:0909.3462v2 [gr-qc]; J. Bardeen, G. T. Horowitz, The Ex- 
treme Kerr Throat Geometry: A Vacuum Analog of AdS2 x S 2 , Phys. Rev. D 
60 (1999) 104030, |arXiv:hep-th/9905099fr l; A. J. Amsel, G. T. Horowitz, D. 
Marolf, M. M. Roberts, Uniqueness of Extremal Kerr and Kerr-Newman Black 
Holes, Phys. Rev. D 81 (2010) 024033, larXiv:0906.2367V 2 [gr-qc] 



18 



